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Comparison of area spectra in loop quantum gravity
G. Gour and V. Suneeta
Theoretical Physics Institute,
Department of Physics, University of Alberta,
Edmonton, Canada T6G 2J1
We compare two area spectra proposed in loop quantum gravity in different approaches to compute
the entropy of the Schwarzschild black hole. We describe the black hole in general microcanonical
and canonical area ensembles for these spectra. We show that in the canonical ensemble, the
results for all statistical quantities for any spectrum can be reproduced by a heuristic picture of
Bekenstein up to second order. For one of these spectra - the equally-spaced spectrum - in light
of a proposed connection of the black hole area spectrum to the quasinormal mode spectrum and
following hep-th/0304135, we present explicit calculations to argue that this spectrum is completely
consistent with this connection. This follows without requiring a change in the gauge group of the
spin degrees of freedom in this formalism from SU(2) to SO(3). We also show that independent of
the area spectrum, the degeneracy of the area observable is bounded by CA exp(A/4), where A is
measured in Planck units and C is a constant of order unity.
PACS numbers: PACS numbers:
I. INTRODUCTION
In recent years, the question of microscopic origin of
black hole entropy has been addressed in the framework
of canonical quantum gravity [1, 2]. A crucial feature of
this framework is the fact that operators corresponding
to lengths, areas and volume have discrete spectra [3]. A
basis for the Hilbert space of canonical quantum gravity
is given in terms of graphs whose edges carry represen-
tations of the group SU(2). These are known as spin
networks as the representations are labeled by positive
half-integers j. Each such edge of a spin network con-
tributes an area A(j) to a surface it intersects, where
A(j) = 8pil2Pγ
√
j(j + 1) . (1)
The area of a surface AS is a sum over contributions from
all the spin network edges intersecting it. Thus, if there
are N intersections of the surface where each intersecting
edge carries spin jN ,
AS = 8pil
2
Pγ
∑√
jN (jN + 1) . (2)
This spectrum (2), which we shall refer to subsequently
as the LQG (Loop QuantumGravity) spectrum, has been
used in [1] to obtain the entropy of a large Schwarzschild
black hole. However, the idea of a discrete area spec-
trum describing the entropy of a black hole is not new.
The description of black hole entropy using an equally
spaced area spectrum has been extensively discussed in
the past beginning with heuristic arguments [4, 5, 6].
More recently (and more rigorously), this spectrum has
received support from an algebraic approach to black hole
quantization [7, 8, 9], the reduced phase space approach
initiated in [10, 11, 12], and from a WKB treatment
[13].[34] More recently, a semiclassical description of the
Schwarzschild black hole as a coherent state in LQG has
been proposed by Dasgupta [14]; in this description, the
area spectrum relevant for black hole entropy is
AS = 8pil
2
Pγ
∑
(jN + 1/2) . (3)
We refer to this area spectrum (3) as the ES (Equally
Spaced) area spectrum (this term is used sometimes in
literature for a spectrum without the 1/2 in the equation
(3)). There seem to be objections to this spectrum in a
set of papers by Corichi and others [15, 16]. These ob-
jections refer to a situation in which the above spectrum
is obtained as the eigenspectrum of an area operator in
LQG. One of the main objections then has to do with the
fact that this spectrum predicts a non-zero value for the
area quanta for spin j = 0. However, in LQG, adding a
spin j = 0 should not change physics. We wish to em-
phasize here that in [14] the ES spectrum is the spectrum
of the area of the black hole horizon as measured on a co-
herent or semiclassical state that describes the black hole
in LQG. Thus, here spin j = 0 only describes a peaking
around the classical area value. Since this spectrum does
not arise out of eigenvalues of an operator acting on an
exact eigenstate, it is not contradictory to the arguments
in [15, 16] which pertain to a proposal in [17]. In [17],
Eq. (3) is claimed as the correct area spectrum in canon-
ical quantum gravity including quantum corrections.
One can consider a general area spectrum (which we
refer to later as the GA spectrum) of the form [35]
AS = 8pil
2
Pγ
∑
a(jN ) , (4)
where a(jN ) is some general function of the spins jN .
In this paper, we analyze the consequences of using
various area spectra to describe black hole entropy. In
particular, working in the microcanonical ensemble, we
show that for the ES area spectrum, the leading order
contribution to the entropy comes from a configuration
2where nearly all the spins have the value j = 1. This
has been stated before in a canonical ensemble language
in [17, 19].
This is very interesting in light of a proposed con-
nection between the asymptotic quasinormal mode spec-
trum and area spectra in canonical gravity by Dreyer
[20]. We show that applying the argument in [20] care-
fully to the ES spectrum (3) leads to the correct value
of semi-classical entropy without the need to change the
gauge group from SU(2) to SO(3). This provides an
alternative way of making a connection between quasi-
normal mode and area spectra. This argument for the
ES spectrum was outlined by Polychronakos [19]. Here
we provide further motivations and explicit calculations
for this argument. There are other ideas that in the con-
text of the LQG spectrum do not require a change of
gauge group from SU(2) to SO(3) for making contact
with the QNM spectra [21, 22]. However, as opposed to
the explicit computations here, they are interesting, but
heuristic and not by themselves conclusive.
We study the canonical ensembles for these area spec-
tra. The canonical ensemble in the statistical sense can-
not be defined here because there is no natural notion
of a heat bath. However, what we mean by the term is
allowing for fluctuations in the black hole area such that
the average of the area is fixed - then the canonical en-
semble maximizes the entropy. From this ensemble, we
infer that the degeneracy of the area observable, g(A),
is bounded by CA exp(A/4) for any area spectrum. The
most probable configuration of spins describing a non-
Planckian black hole in the ensemble picture is made up
of nearly all equal spins with value j = 1/2 for the LQG
spectrum and j = 1 for the ES spectrum. Further, we
show that in any process leading to a change in area such
that one is still in the non-Planckian regime, mostly the
number of spins with j = 1/2 for the LQG spectrum and
j = 1 for the ES spectrum changes - at leading order in
area. Thus a process leading to a net change in horizon
area can be thought of as occurring due to emission or
absorption of spins of mostly one value.
We show that the canonical ensemble in LQG can
be compared with the algebraic approach initiated by
Bekenstein [7, 8, 9] up to second order (in entropy) be-
cause the spins other than the most probable one con-
tribute only at higher orders. This is also the reason
why both in LQG [32] and using the algebraic approach
[9], one obtains the same quantum logarithmic correction
−3/2 lnA. One can simulate all the statistical results in
LQG within the algebric approach. i.e. the algebric ap-
proach is a very good approximation (up to second order)
for statistical calculations in LQG. The importance of
this argument is manifested for example when one con-
siders a Schwarzschild BH in a box or equivalently in
an AdS spacetime. The statistical calculations such as
the entropy, area fluctuations etc have been calculated
in [33], where the area spectrum and degeneracy of the
algebraic approach are used. Within the spin network
approach, when the black hole is in a box (or an AdS
spacetime), such calculations are extremely complicated
and have not been done to the best of our knowledge.
However, our argument shows that all the calculations
performed in [33] for the Schwarzschild black holes are
the same (up to second order in entropy) as the ones in
the spin network approach of LQG.
II. BLACK HOLE ENTROPY IN THE
MICROCANONICAL ENSEMBLE
In computations of black hole entropy in canonical
gravity, it is natural to count microscopic states corre-
sponding to a classical horizon area. Thus, this is like a
microcanonical ensemble where the horizon area is fixed.
The microscopic states are the spin network states that
intersect the horizon surface. Each spin j that inter-
sects the surface has an internal degeneracy that for large
area black holes is (2j+1). However, arbitrary spins are
not allowed - given a general area spectrum, the spins
must satisfy (4). This is the constraint of fixed area and
one counts over all spin network states corresponding to
a given classical horizon area. Thus, the degeneracy of
states corresponding to a given area A, denoted by g(A)
is a sum over contributions g({jN})
g({jN}) ≈
∏
{jN}
(2jN + 1) (5)
and each set {jN} satisfies the area constraint (4). The
exact expression for the degeneracy corresponding to a
set of spins is given by the dimension of the space of con-
formal blocks of an SU(2)k WZW conformal field the-
ory, see for e.g [32]. In this theory, for large area, this
is approximately equal to (5) above. For a general area
spectrum, the degeneracy g(A) =
∑
{jN}
g({jN}).
This ensemble must be carefully defined for the LQG
spectrum (2). In general, when we try to define a mi-
crocanonical area ensemble - i.e counting the quantum
states corresponding to a given classical area - we need
to define an appropriate spread around the area since the
area spectrum is discrete. The constraint (2) would be
satisfied in general only for some choices of spin network
configurations. This may cause the entropy to change
sharply as one goes from one classical area to another.
For example, choosing a (large) value of A such that it is
saturated by N spins of j = 1/2, we see that N ∼ A/l2P
and S = ln g(A) ∼ A. On the other hand, one could
choose a large A with a value such that it cannot be sat-
urated by spins with j = 1/2. In this case, the entropy
could be different - either proportional to area with a dif-
ferent proportionality constant, or not even proportional
to the area. However, for this area spectrum to describe
black hole entropy, one must get an entropy proportional
to area with a fixed proportionality constant. The solu-
tion is to choose a spread large enough so that it contains
a value of the area that is saturated by spins of j = 1/2.
At first sight, this appears contrived. But due to the spe-
cial properties of this spectrum [31], there is a very large
3number of states lying even in a Planckian size spread in
area, as long as the area is large. In fact, for a large hori-
zon area AH , the number of area eigenvalues in the range
AH ± l2P is of the order of exp(
√
AH/lp) (The number of
area eigenvalues is not to be confused with the number
of configurations corresponding to a fixed classical area,
which gives the main contribution to the entropy).
Therefore, in [1] where the Schwarzschild black hole
entropy is computed using the LQG spectrum, it is ar-
gued that one must ‘trace over’ states lying in an area
range A ± l2P . The counting of states corresponding to
this spread is done there - the final result is that the con-
tribution from spins with j = 1/2 gives an entropy pro-
portional to area, and the rest of the spins give a lesser
contribution each - however the sum is not evaluated ex-
plicitly. We work later in a canonical ensemble allowing
not for Planckian, but arbitrary fluctuations keeping the
average of area fixed, and obtain a bound on this sum.
The sum of the contributions from other spins to the
entropy is bounded by the logarithm of the area. This
‘logarithmic’ correction to the entropy which comes from
the other spins and area fluctuations is distinct from the
quantum corrections discussed in [32].
We now study the ES spectrum in this picture. From
the form of the area constraint (3), we see that for a given
classical area, we must choose an appropriate spread
around the area such that we have an area value A in the
spread for which A/(8piγl2P ) is a half-integer Q. Nothing
more is required, and there are now many possible sets of
spins {jN} - corresponding to the number of partitions
of 2Q. We first consider the case when all spins corre-
sponding to a particular realization of area are equal. In
this case, the area constraint is
A = 8piγl2PNj(j + 1/2) (6)
where Nj is the number of spins of value j required to
satisfy the area constraint. Then the degeneracy corre-
sponding to each such set can be written as g({jN}) =
g(j,Nj) and
g(j,Nj) = (2j + 1)
Nj (7)
For large areas, Nj is large (of O(Q)) when j is small.
Thus the degeneracy is more for small spin values. We
however see something surprising. Let us look at the
degeneracies for the cases when all the spins have j =
1/2, j = 1 and j = 3/2. We have
g(1/2, N1/2) = 2
Q ; g(1, N1) = (3
2/3)Q
g(3/2, N3/2) = 2
Q (8)
Thus it is easy to see that the degeneracy is maximum
when we saturate the area with j = 1, and furthermore,
j = 1/2 and j = 3/2 have the same degeneracies. Higher
spins will have smaller degeneracies. We have only con-
sidered the case of equal spins so far. However, it will be
shown in the following that any combination of unequal
spins yields a lesser contribution than the case with all
spins j = 1 for large areas.
In the general case we have N1 spins with j = 1 and
Nji spins equal to ji for each i = 2, 3, ..., s. The area
constraint can be written simply as
Q =
3
2
N1 +
(
j2 +
1
2
)
Nj2 + ...+
(
js +
1
2
)
Njs , (9)
and the degeneracy is
g = 3N1(2j2 + 1)
Nj2 · · · (2js + 1)Njs
=
(
32/3
)Q ( 2j2 + 1
3(2j2+1)/3
)Nj2
· · ·
(
2js + 1
3(2js+1)/3
)Njs
(10)
Now, for ji 6= 1 it easy to check that (2ji+1)/3(2ji+1)/3 <
1, and therefore g < (32/3)Q. Since the degeneracy corre-
sponding to all spins having j = 1 is g(1, N1) = (3
2/3)Q,
we see that any such combination of spins as above al-
ways yields a lesser degeneracy. Hence, for large area A,
we can write the degeneracy as
g(A) ≈ (32/3)Q , (11)
and the entropy is
S = ln g(A) =
ln 3
12piγl2P
A+ ... (12)
Clearly, for large areas, the leading configuration con-
tributing to the entropy will always be equal spins with
j = 1. The above result for the entropy (the appear-
ance of a factor of ln 3) is also very striking in that the
choice of an ES spectrum has naturally led to a domi-
nance of configurations with spin j = 1. Recently, there
has been much excitement over a possible connection be-
tween the asymptotic quasinormal mode spectrum of the
black hole and the area spectrum. In [20] this connec-
tion is used to fix the value of the Immirzi parameter
γ and it is shown that for the LQG spectrum it gives
the correct semi-classical entropy. However, in [20], it is
claimed that using the same argument, the ES spectrum
would not yield the correct semi-classical entropy. We
now proceed to show that this is not the case; applying
the argument carefully, one indeed obtains the correct
semiclassical entropy. There is the added advantage that
with the ES spectrum, the factor of ln 3 needed to make
contact with quasinormal mode spectra appears natu-
rally in the entropy - without the need to argue for a
change of gauge group from SU(2) to SO(3) as required
for the LQG spectrum. Both the observation that spins
j = 1 dominate for the ES spectrum and that making
a connection to the quasinormal mode spectrum yields
the correct semi-classical entropy has been made before
in a canonical ensemble picture in [17, 19]. We present
explicit calculations that are necessary to motivate this
argument. We apply the argument in [20] to a general
area spectrum and then specialize to the case of the ES
spectrum. First we revisit the argument which is moti-
vated by the following result :
4The reaction of a black hole to a perturbation is given
for certain intermediate times by a set of damped oscilla-
tions which are characteristic of the black hole. These are
the quasinormal modes (See [23, 24] for a review). It is
an interesting result that for large imaginary part of the
quasinormal frequency (higher order modes), the asymp-
totic quasinormal mode spectrum for a Schwarzschild
black hole can be computed analytically [25, 26] for scalar
or gravitational perturbations. It is
Mω =
1
8pi
ln 3 +
i
4
(
n− 1
2
)
(13)
This behavior was found approximately from numerical
calculations first in [27] (for Kerr black holes, the highly
damped QNMs are computed numerically in [28]) and
it was recognized by Hod [29] that the numerical equa-
tion in [27] resembled (13). Hod then suggested (based
on an argument of Bekenstein [30]) that in the spirit of
Bohr’s correspondence principle, an oscillatory frequency
describing the black hole’s (classical) response to a per-
turbation (i.e real part of the quasinormal frequency) was
related to a transition frequency in an area spectrum de-
scribing a change in horizon area ∆A.
The exact relation was the following: The real part of
the quasinormal mode spectrum (13) is given by
ωQNM =
ln 3
8piM
(14)
Then the change in mass of the black hole ∆M due to a
transition is equal to ~ωQNM . Since for a Schwarzschild
black hole, horizon area A = 16piM2, this implies that
∆A = 4l2P ln 3 (15)
In [20], the change in area ∆A is computed for the
LQG spectrum and equated to (15); this fixes the value
of the Immirzi parameter. This value gives the correct
semi-classical entropy if one considers SO(3) spins in-
stead of SU(2) spins. This conclusion is correct for the
LQG spectrum. However, there is an important point
to note when one considers a different area spectrum.
In the framework of spin network degrees of freedom in-
tersecting a surface, a change of area of the surface is
caused by an emission or absorption of a puncture with
spin. When this surface is the black hole horizon, we have
already seen that the configuration (of set of punctures
with spins) that dominates the entropy depends on the
choice of spectrum. When the spectrum is such that this
configuration is made up of equal spins jMP (MP stands
for Most Probable configuration), it is clear that the min-
imum change in horizon area ∆A would arise from the
absorption or emission of a spin in the most probable con-
figuration (We provide a proof of this statement in the
canonical ensemble picture in the next section). Thus
given a general area spectrum of the form (4),
∆A = 8piγl2PajMP (16)
For the LQG spectrum it is indeed correct that jMP =
jmin where jmin is the minimum value of spin for the
gauge group chosen, either SU(2) or SO(3). Then, as ar-
gued in [20], on fixing the value of the Immirzi parameter
using the quasinormal mode spectrum, the correct semi-
classical entropy is obtained by choosing a gauge group
SO(3). For the ES spectrum with a choice of gauge group
SU(2), as we saw, jMP = 1 and jmin = 1/2.
Let us now fix the value of the Immirzi parameter for
a general area spectrum of the form (4). We thus equate
the r.h.s of (15) and (16). Then we get
γGA =
ln 3
2piajMP
(17)
For the ES spectrum, jMP = 1 and ajMP = 3/2. Thus
for this spectrum,
γES =
ln 3
3pi
. (18)
Substituting this value of the Immirzi parameter into the
expression for entropy with the ES spectrum (12), we see
that we recover the correct expression for semi-classical
entropy. In fact, for a general area spectrum with the
Immirzi parameter (17), as long as its maximum en-
tropic configuration is given in terms of equal spins jMP
- we have the correct semi-classical entropy if jMP = 1.
Dreyer’s argument for replacing SU(2) by SO(3) as the
gauge group is a particular case of this general statement.
III. BLACK HOLE ENTROPY IN THE
CANONICAL ENSEMBLE
There are, in fact, two distinct (but not always separa-
ble) sources for black hole entropy. Firstly, there should
be a contribution to the entropy due to the number of
microstates that are necessary to describe a black hole of
a fixed horizon area. Secondly, since in dynamical pro-
cesses, a black hole absorbs or emits radiation/matter
across the horizon, the horizon area will fluctuate. This
leads to an additional contribution to the entropy.
It therefore is of interest to study the black hole in an
area ensemble that allows for fluctuations in area such
that the average of the area is a fixed ‘classical’ value -
the term used to denote the situation when area fluctu-
ations are caused by ‘quantum processes’ (i.e absorption
or emission of spins). This is the canonical area ensemble
- however unlike the usual canonical ensemble in statis-
tical mechanics, there is no natural analogue of a heat
bath here (There is such an analogue for black holes in
AdS spacetimes, as discussed in [33]).
In a quantum description, black holes can be described
by a density matrix, ρbh. In particular, in canonical grav-
ity, the density matrix relevant for black hole entropy is
obtained by tracing over the ‘volume’ states (the total
Hilbert space carries information about both the bulk
5and the surface degrees of freedom). The entropy of the
black hole is given by
S = −Trρbh ln ρbh (19)
where ρbh is the density matrix describing a black hole
with an average area
AH = TrAρbh, (20)
where A is the area operator whose eigenvalues give the
area spectrum.
Our strategy is to find a density matrix that maximizes
the entropy given in (19) and satisfies the condition (20).
From a physical point of view, this is not the only require-
ment on the density matrix. In order to achieve thermal
equilibrium one has to place the black hole in a ‘box’
(or, for example, in an AdS spacetime). This will induce
more conditions, and in a first order approximation one
expects a Gaussian distribution around the mean value
AH . That is, the introduction of the box imposes some
particular value, ∆ on the fluctuations of the area (which
depends also on the parameters of the box):
∆2 = 〈A2〉 − 〈A〉2 = TrA2ρbh −A2H (21)
Therefore, the density matrix, ρbh, that maximizes the
entropy given in (19) and satisfies both conditions (20)
and (21) is given by:
ρbh =
1
Z
exp(ηA− µA2) (22)
where η and µ are Lagrange multipliers and the partition
function Z is determined by the requirement Trρbh =
1. However, as we stated earlier, there is no natural
analogue of a physical heat bath here, and no mechanism
by which fluctuations would be restricted as in (21).
In the computation of black hole entropy using the
LQG spectrum [1], classically there is no radiation across
the horizon. However, quantum fluctuations of the classi-
cal area A± l2P are considered. In fact, they are necessary
to get a result S ∼ A. The physical picture is probably
one where arbitrary area fluctuations are not allowed,
but quantum fluctuations of the order of Planckian area,
caused by spin emissions across the horizon are. This can
be stated in the canonical ensemble picture as a condition
of the form (21) where the fluctuation ∆ ∼ O(lP ). Thus,
one must use the density matrix (22) where ∆ ∼ O(lP )
would correspond to a particular regime for the Lagrange
multipliers η and µ. This unfortunately is a very compli-
cated exercise for the LQG spectrum. We are forced to
ignore (21) and allow arbitrary fluctuations keeping the
area average fixed. Since we now place lesser constraints
on the system, the entropy will be more - and will pro-
vide an upper bound on the actual entropy using the LQG
spectrum with Planck area quantum fluctuations.
For arbitrary fluctuations keeping the area average
fixed, the relevant density matrix ρm (for a general area
spectrum) is given according to standard statistical me-
chanics by
ρm =
1
Z
exp(−λA), (23)
where the Lagrange multiplier, λ will be calculated be-
low, and
Z = Tr exp(−λA). (24)
Substituting ρm in (19) we find
Sm ≡ −Trρm log ρm = lnZ + λAH (25)
(note that AH ≡ 〈A〉 = TrAρm).
Following [17, 19], we shall now compute the partition
function in this spin network picture for a general area
spectrum of the form (4). Then we shall specialize to the
cases of the LQG and ES spectra. The partition function
Z(λ) is given by:
Z(λ) =
∑
{jN}
∏
ji∈{jN}
(2ji + 1) exp [−λA({jN})] , (26)
where A({jN}) for the general case is given in (4) and
the product term is approximately the degeneracy for
the given set {jN} for large horizon area black holes (The
exact expression for the degeneracy can be found in [32]).
Let us now denote bymi (i = 1, 2, ...) the number of times
the value i/2 appears in the set {jN}. In this notation
the area can be written as:
A({jN}) = 8pil2pγ
∞∑
i=1
miai , (27)
where ai ≡ a(j = i/2). Thus, in this notation, the parti-
tion function has the form
Z(λ) =
∑
{mi}
∞∏
i=1
(i+ 1)mi exp(−8pil2pγλmiai) , (28)
where the sum over all the sets {jN} has been replaced
by the sum over all the sequences {mi} of integers.
The partition function above converges if and only if
for all i = 1, 2, ... we have (i + 1) exp(−8pil2pγλai) < 1.
This condition imposes a lower bound on λ; i.e. the parti-
tion function Z(λ) converges if and only if λ > λc, where
λc ≡ λic ≡ max{λi} , (29)
and λi is defined by the requirement
(i+ 1) exp(−8pil2pγλiai) = 1, i.e.
λi =
ln(i+ 1)
8pil2pγai
(30)
Thus, for λ > λc
Z(λ) =
∞∏
i=1
1
1− (i+ 1) exp(−8pil2pγλai)
. (31)
6For the LQG spectrum, ai =
√
i
2 (
i
2 + 1), and λc = λ1,
i.e corresponding to a spin j = 1/2. In comparison, for
the ES spectrum, ai =
i+1
2 , and in this case λc = λ2,
corresponding to a spin j = 1.
The average of the area is given by
AH ≡ TrρmA = − d
dλ
lnZ
= 8pil2pγ
∞∑
i=1
(i + 1)ai exp(−8pil2pγλai)
1− (i+ 1) exp(−8pil2pγλai)
. (32)
Now, since we are interested in large black holes (com-
pared to the Planck scale), AH/l
2
p ≫ 1. However, in
the above equation, the term in the numerator (i +
1)ai exp(−8pil2pγλai) approaches zero very fast as i in-
creases when λ > λc. Thus, the only way to get large
AH is by the requirement that one of the terms in the
denominator in (32) be close to zero. Fortunately, this is
possible when λ→ λc = λic . This picks up as the leading
term in (32), the one corresponding to spins with value
ic/2. Therefore, the partition function for AH/l
2
p ≫ 1
(or equivalently λ ≈ λc) is given by:
Z(λ) ≈ 1
1− (ic + 1) exp(−8pil2pγλaic)
. (33)
In order to obtain the relation between AH and λ, we
substitute λ = λc+ δ in Eq. (32) and expand it up to the
second order in δ. We find that
AH =
1
δ
[1 + (c− 4pil2pγaic)δ +O(δ2)] , (34)
where the constant c is of the order of Planck area and
is given by
c =
∑
i6=ic
ai(i + 1) exp(−8pil2pγλcai)
1− (i+ 1) exp(−8pil2pγλcai)
. (35)
Hence, the relation between AH and λ is given by:
λ = λc +
1
AH
+O(l2p/A
2
H) . (36)
Substituting this in (25) gives
Sm = λcAH + lnAH +O(1) (37)
This is an upper bound on the entropy of the black hole
defined in (19) for a general area spectrum (4) in the
spin network picture. In particular, this is also an upper
bound for the entropy of a density matrix that satisfies
the average area constraint (20) and has zero area fluc-
tuations, i.e. the micro-canonical ensemble. Therefore,
the degeneracy
g(A) ≤ exp(Sm) = CAH
l2P
exp
(
AH
4l2P
)
, (38)
where C is a constant of order unity. Before seeing the
consequences for the LQG and ES spectra in particu-
lar, we note something very interesting that is revealed
by working in the canonical ensemble. We saw that for
any general area spectrum (4), the large area limit for
the black hole is dominated by the configuration of equal
spins with values ic/2. In the large area regime, λ is
given by (36). Now, if in a process, the horizon area
changes, as long as it is in the large area regime, it would
always be dominated (at leading order) by a similar con-
figuration of equal spins with values ic/2 - except that
the number of these spins would be different. The terms
corresponding to other spin values in (32) do not change
at leading order! Summarizing the results, in the spin
network picture, convergence of the partition function in
the canonical ensemble implies that :
• A large area black hole is described by a most prob-
able configuration involving nearly all equal spins
of one value, j = ic/2.
• In any process leading to a change in horizon area
(for e.g, exchange of spins across the horizon) such
that one is always in the large black hole regime,
on the average, the number of the spins j = ic/2
changes at leading order - the numbers of all other
spins remaining nearly the same. We will compute
the average number of spins of a given value in
a configuration in this ensemble below to demon-
strate this point.
These results are independent of the particular choice
of area spectrum. Even if the area spectrum we started
out with was not equally spaced (i.e LQG spectrum),
area increments are most probably due to exchange of
a certain number of spins j = ic/2. Therefore they are
in multiples of a fixed number - so long as we are in the
large area regime. The peculiarity of the spectrum shows
up only for Planckian black holes.
Let us now illustrate this by calculating the average
number of spins with j = jc = ic/2 and the average
number of spins with j 6= jc. For this purpose, we define
an operator Nj that counts the number of spins with the
value j = i/2 for a given configuration of spins. Thus,
the average number of spins with a value j = i/2 is
〈Nj〉 = TrNjρm =
∑
mi
mi(i+ 1)
mi exp(−8pil2pγλmiai) ,
(39)
where we have used the same notation as in (28). Eval-
uating the sum above, we find
〈Nj〉 =
(i+ 1) exp(−8pil2pγλai)
1− (i + 1) exp(−8pil2pγλai)
. (40)
Hence, by substituting the value of λ from (36) we find
that the average number of spins that are not equal to
7the critical value is given by
Nj 6=jc =
∑
j 6=jc
〈Nj〉
=
∑
i6=ic
(i+ 1) exp(−8pil2pγλcai)
1− (i + 1) exp(−8pil2pγλcai)
+O(1/A)
≡ c+O(1/A) , (41)
where c is a constant number (i.e. not depending on AH)
of the order of unity. On the other hand, Nj=jc ∼ AH/l2p.
The fact that for large area Nj 6=jc is a constant of order
unity and is independent (at first order) of the value of
AH shows that it is the critical spin that play the major
role in any dynamical process.
Consider a black hole with an initial area average
Ainitial (we consider macroscopic black holes with area
much higher than the Planck scale). Then, after some
dynamical process has occurred - for example some par-
ticles (or in this picture, spins) have been absorbed or
emitted by the black hole - the black hole area average
changes to Afinal. Since the average of spins with j 6= jc
has not changed in the process, we can safely conclude
that the change in the area occurred mostly due to ex-
change in the number of spins with j = jc. Therefore, we
conclude that in any dynamical process the probability
to exchange a spin with j 6= jc is much lower than the
probability to exchange a spin with j = jc. This explains
why it is the jMP ≡ jc that should be taken in the com-
parison with the quasinormal mode spectrum (and not
jmin).
In the above discussion we ignored the fact that in our
ensemble the fluctuations in the area are very large. They
are given by
∆2 ≡ 〈A2〉 − 〈A〉2 = d
2
dλ2
lnZ ∼ A2H . (42)
Thus, ∆ ∼ AH as it was expected since the black hole
is not in a box and, therefore, cannot be in an equilib-
rium. However, putting the black hole in a box will not
change the results substantially. The argument is that
in the limit of a very large box the black hole can be de-
scribed by ρm. Now, taking a smaller box will only reduce
the fluctuations and therefore will not increase (actually,
probably decrease) the probability to emit/absorb spins.
That is, the probability to emit/absorb a spin with j = jc
will remain much higher than the probability to exchange
a spin with j 6= jc.
In the algebraic approach the area spectrum is equally
spaced, with eigenvalues An = a0n, where n is an integer
and a0 is a fundamental unit of area of the order of Planck
scale. The degeneracy of the area levels is approximately
kn (there are corrections due to zero hyperspin [9]), where
k is an integer number greater than 1. The integer k
is usually taken to be equal to 2 or 3. This picture is
identical to the spin network approach if one ignores all
other spins but the most probable one. For k = 2, jMP =
1/2 and for k = 3, jMP = 1. Following the same steps
that led to (37), the algebraic approach gives the same
results for the entropy up to the second order (i.e. with
exactly the same logarithmic correction). Our argument
above shows why - the spins other than the most probable
one in LQG contribute only at higher orders, even for
different types of density matrices (such as, for example,
the density matrix given in (22)).
In [33] it has been shown (within the algebraic ap-
proach) that for an AdS-Schwarzschild black hole (which
is in a sense equivalent to putting the Schwarzschild black
hole in a box due to the nature of the AdS potential) the
correction to the entropy is 1/2 lnA and the fluctuations
in the area are ∆ ∼ A1/2. Our argument implies that
we will get exactly the same results in the spin network
approach (although the calculations in the spin network
approach suffer from mathematical complications that
make them difficult to compute). Note that the pres-
ence of the box only reduces the area fluctuations and
the logarithmic corrections to the black hole entropy.
Let us now compute the entropy for the ES and LQG
spectra in the area canonical ensemble. For the ES spec-
trum, the entropy given by (37) is :
S = AH(ln 3)/(12pil
2
PγES) + lnAH + O(1) (43)
Choosing a value for the Immirzi parameter γES in (18)
obtained by making contact with the quasinormal mode
spectrum, we get the correct semi-classical entropy. The
next order correction arises from area fluctuations in the
area canonical ensemble.
For the LQG spectrum, the entropy from (37) is now
S = AH(ln 2)/(4pi
√
3l2PγLQG) + lnAH +O(1) (44)
One can choose an appropriate value for γLQG such
that the correct semi-classical entropy is recovered - as
done in [1]. As shown in [20], this is not compatible with
the Immirzi parameter obtained from the quasinormal
mode spectrum. To make them compatible requires a
change of gauge group to SO(3). The expression (44) is
the entropy for the LQG spectrum with large area fluc-
tuations keeping the average of area fixed. However, in
the picture of the quantum black hole in [1], no exchange
of radiation is allowed across the horizon except an ex-
change of spins corresponding to Planckian fluctuations
in area, i.e AH ± l2P . The entropy with fluctuations re-
stricted to be Planckian is less than or equal to the en-
tropy given by (44) above. In particular, it allows us to
add a statement to the result of [1] - that the leading
order contribution to the entropy comes from the spins
with least value, and the sum of contributions from all
other spins is bounded by lnA.
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